Beam position monitor (BPM) coefficients are calculated from induced charges on four-button BPMs in circular and elliptic beam chambers for γ >> 1. Since the beam chamber cross-section for the APS storage ring is different from an exact elliptic geometry, numerical values of the BPM coefficients and their inversions are computed from two-dimensional electrostatic field distributions inside an exact geometry of the beam chamber. Utilizing Green's reciprocation theorem, a potential value is applied to the buttons rather than changing the beam position, and potential distributions corresponding to the beam positions are then computed.
Cylindrical Chamber
A charged particle beam of short bunches induces charges on the beam chamber wall. Due to the Lorentz contraction, for γ >> 1, where γ is the relativistic factor, these charges have the same longitudinal intensity modulation as the beam. The electromagnetic fields associated with the beam are obtained by the Lorentz transformation from the fixed lab frame F to a moving reference frame F', where the charged beam is at rest [1, 2] . The field distribution inside the beam chamber becomes an electrostatic problem in the moving reference frame. Here we assume that the buttons are installed flush with the inner surface of the beam chamber, with the chamber having constant crosssection and the chamber wall at a uniform potential.
For the charge density of a filament beam located at (x o, y o ) in the transverse plane of the Cartesian coordinates and moving with a wave number k in the longitudinal direction z in the lab frame 
The solution for the electrostatic potential is a form of the Bessel function with an argument of kr/γ. When k/γ → 0 and φ(a,θ) = 0, the potential for r > r o is given by where 1/γ is cancelled from the relation E ⊥ = γ E' ⊥ . Assuming the BPM coefficients are not depend on cos k(z-vt), that factor is omitted in the following expressions. The induced charges associated with the sum, vertical, and horizontal signals for four-button BPMs, shown in Fig. 1(a) , are therefore given by
Elliptic Chamber
The Poisson's equation in the Cartesian coordinates, , / '
for the filament beam of Eq. (2) may be written as
where G(x,y;x o ,y o ) is a Green's function to be solved, and the electrostatic potential in the lab frame can be calculated from the Green's function
For a beam chamber of elliptic cross-section, the following inverse hyperbolic cosine transformation makes it possible to solve Eq. (7) analytically:
represents a confocal ellipse with foci at ± d, and similarly, constant values of θ make a set of confocal hyperbolas orthogonal to the ellipse as shown in Fig. 1(b) . Table 1 lists the parameters for the synchrotron and storage ring chambers before and after the transformation. After the elliptic transformation, Eq. (7) becomes
and
Equation (11) 
Because of the boundary condition that φ be continuous near u = 0, there are no terms such as cosh(mu) sin(mθ) and sinh(mu) cos(mθ) in Eqs. (13) and (14). Since the curves with constant values of θ are orthogonal with the chamber surface, u = u c , the induced charge density on the chamber surface σ(u c ,θ) = -ε o (∂φ/∂u) at u=u c is calculated from Eqs. (12) and (14) 
Numerical Values of the BPM Coefficients
Numerical values of the BPM coefficients and their inversions are computed from twodimensional electrostatic field distribution inside an exact geometry of the beam chamber. The last three equations were used only to cross check the computation results. Figure 2 shows the crosssection of the beam chamber. The four 10-mm-diameter buttons are installed symmetrically with respect to the origin of the coordinates at (x o, y o ) = (±14.0 mm, ±19.0 mm), flush with the chamber surface.
When +1.0 V is applied to all four buttons and the conducting chamber is grounded, the potential at any point in the chamber is defined as the sum signal Q s . In Fig. 2 there are 20 equipotential lines between a button and the chamber. The potential near the origin is between 0.25 and 0.3 V. The potential at (5, 5), for example, is 0.302 V. Having Q s = 0.302 C in Eq. (16) with ρ k = -0.95 C/mm 2 yields equivalent results. Since we are only concerned with the relative magnitudes of the sum, vertical, and horizontal signals, the signal units will now be ignored.
The equipotential contours for the vertical and horizontal signals are shown in Fig. 3 . The vertical signal Q y was obtained by applying +1V to the upper two buttons and -1V to the lower two buttons. Similarly, the horizontal signal Q x was obtained by applying +1V to the right two buttons and -1V to the left two buttons. Asymmetry of the signal (due to the antechamber) is relatively small. At y o = 5 mm, the vertical signal difference for x o = ± 10 mm is less than 10 -3 , and that for x o = ±15 mm is 5 × 10 -3 . At y o = 0, the horizontal signal difference for a given ± x o is less than 2.5 × 10 In Table 2 , coefficients for polynomial curve fits are listed for the normalized vertical signals (Q y /Q s ) vs the vertical beam positions y o and their inversions at selected horizontal beam positions. Ideally, the coefficients of even orders should be zero; small values are due to the antechamber and computation errors. Within |y o | < 15 mm, as the R-values indicate the reliability of the curve fits, third-order polynomial seems to be good enough. In the last row, the coefficients for linear fits within |y o | < 5 mm are listed.
The coefficients for the normalized horizontal signals are listed in Table 3 
